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^ i 1. Introduction 

H ■ 

. . .' 1.1. Throughout the paper, all rings will be algebras over a fixed base field k. An unadorned 

tensor product (8) will denote a tensor product over k. A lower triangular Z-algebra is a Z-bigraded 
associative algebra 

0<g<p€Z 

with matrix-style multiplication and where each non-zero Sq^q is a noetherian, unital algebra and 
the Sp^q are finitely generated modules over both Sp^p and Sq^q. 
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These algebras are important in noncommutative algebraic geometry - see, for example, |SVj or 
[VdB| ■ They are also useful in geometric representation theory, including in the study of rational 
Cherednik algebras |GSH m52] . deformed preprojective algebras [Bo\ IMuj . finite W^-algebras |Gij 
and deformations of conical symplectic singularities [BPWj . In applications, the Z- algebra provides 
an effective way to relate the representation theory of the given algebra to the geometry of a 
resolution of singularities for its associated graded ring: indeed, the Z-algebra can be regarded as 
a quantization of that resolution. In the above examples, the Z-algebras quantize Hilbert schemes 
of points on the plane, minimal resolutions of Kleinian singularities, resolutions of Slodowy slices 
and, most generally, symplectic resolutions of conical symplectic singularities, respectively. 

What is missing, and what is provided in this paper, is a suitable homological machine to relate 
the commutative and noncommutative theories. Our aim is show how the Auslander-Gorenstein 
condition and the related double Ext spectral sequence, that are so useful for enveloping algebras 
and related rings, can be generalised to work for Z-algebras. As an application we generalize 
Gabber's equidimensionality result to Z-algebras. 



1.2. To explain our results in more detail, we need some notation. Write 5o,o-rnod for the category 
of noetherian left S'o^o-modules, S-grmod for the category of noetherian left S-modules and S'-qgr 
for the quotient category of 5-grmod modulo the bounded modules. Let tts : 5-grmod — S'-qgr 
be the natural projection. If the Sp^q are {Sp^p, 5g^g)-progenerators, we say that 5 is a Morita 
Jj-algehra. In this case, for any g > 0, there is an equivalence of categories S'^^g-mod — > •S'-qgr 
given by ^> : M T^s{S*,q ®Sq,^ M), where 5*,, = ®p>q Sp^q. 

We assume that there is a filtration F on 5 such that the associated graded algebra gip S = 
grp' Sp,q = A{R). Here, A(ii) = A{R)p^q is the Z-algebra associated to some finitely generated 
commutative graded algebra ii = Rn by defining A{R)p^q = Rp-q for all p > q. There are natural 
equivalences A(i?)-qgr ~ -R-qgr ~ Coh{X), for X = Proj(/2). If M G ^oo-mod has a good filtration 
F, then Ai = ^{M) is naturally filtered and has associated graded sheaf gr^. G Coh(X). The 
characteristic variety Char(Af) C X of M (or of Ai) is then the support of grpAi. 



1.3. If, for example, 5*0,0 = U\ is the spherical subalgebra of a rational Cherednik algebra of 
type A - see Subsection 19.81 for the definitions - then S is defined by setting Sp^p = Ux+p, with 
a canonical choice of {U\+p, C/A+(j)-bimodules Sp^q. In this case 5 is a Morita Z-algebra whenever 
TZe{\) > ^. Moreover, X = Hilb"(C^) is the Hilbert scheme of n points on the place and the natural 
map X ^ Y = Spec(i?o) is a resolution of singularities of the quotient variety (C" x C'")/^^, see 
Section[9]or |GSlj for more details. The structure of Char(M) is complex: when M is an irreducible 
f/A-representation from category O it has irreducible components parametrized by partitions of n, 
see |GS2l Section 6]. 



2 



1.4. This motivates the question, raised in |GS2j and again in |Rql| and answered here, of whether 
Char(M) is equidimensional for simple 5o,o-iiiodules M. To answer this question we fohow Gab- 
ber's proof for unital algebras, as described in [Lej . This uses the notion of a filtered Auslander- 
Gorenstein algebra U and the convergent spectral sequence 



Ext^(Ext^(M, U),U)^ E[P-«(M) 



M ifp = q 
otherwise. 



In order to generalise this spectral sequence to Z-algebras, we need extra conditions. Suppose 
now that S = ©p>g>o 5*^,5 and T = ©p>g>o^p,<j t'^o filtered Z-algebras with 5o,o = ^oo- 
say that qs is a good parameter for S if S>x = 0p>q>gg Sp^q is a Morita Z-algebra. We consider 
the following hypotheses. 

(HI) There exists a good parameter qs for 5. 

(H2) grS* = A(/2) where R = 0„>o-Rn is a finitely generated commutative domain satisfying 

RmRn = Rm+n for ah TTl, n > 0. 

(H3) Conditions (HI) and (H2) hold for T with qs = Qt- Furthermore, under the tensor product 
filtration defined in Notation 14.11 gr(5p^o ®Sq.o ^g,o) — Rp+q for all p,q > qs- 

(H4) X = Proj(i?) is Gorenstein, Spec(iio) is normal, and the canonical morphism X — t- Spec(i?o) 
is birational. 

1.5. As we will describe in ll. 71 there are a number of important examples of Z-algebras arising in 
geometric representation theory that satisfy these hypotheses. For these algebras the main results 
of the paper culminate in the following theorem, which summarises Theorems 17.51 and | 



Theorem. Suppose that S and T are "L-algehras that satisfy Hypotheses (H1-H4). 

(1) There exists a module X G (S (S> T)-qgr such that, for M G S-qgr, there is a convergent 
spectral sequence 



A4 if p = q 
otherwise. 



(2) IfM G S-qgr and M is a T-submodule of £XT%{M,X), then £X'Tl^{M,X) = forp<q. 

(3) If ^{M) G S-Qgr is irreducible for some M G Sq^q-mod, then Char(M) is equidimensional. 

1.6. Let us explain some of the undefined terms in this theorem, and the significance of the hy- 
potheses (H1-H4). First, £XT is the analogue for 5-qgr of sheaf Ext and is defined in Definition l3.21 
Part (2) of the theorem is then the natural analogue of the Auslander-Gorenstein condition for Z- 
algebras. Given the earlier discussions, conditions (HI), (H2) and (H4) are natural and so it is only 
the requirement of an auxiliary algebra T and the description of X that require explanation. 

The problem comes in generalizing Ext^(M, U). One choice is to consider A = £XT^{A4, S) = 
0„ Ext^(Al, 5'*^„). There are two problems here. First, one really wants to take the image of 
this module in a quotient category qgr. However, finitely generated right 5-modules are bounded 
and so qgr-S* = (see 12. 6p ! Thus one does need an auxiliary algebra T. For example, A is 



naturally a right module over the upper triangular Z-algebra S* = ©o<(j<p ^p,q^ where S* g = 
Homsq g{Sp^g, Sq^g). For more technical reasons T = S* does not work; basically because one would 
then need gic{S*g) (g) gr{Sp^g) = gr{Sg^g) for p > q, and this essentially never holds. Fortunately, 
in all the standard examples there is a natural candidate for T. For example given the Cherednik 
algebra as in[L3l where S is defined in terms of the sequence of algebras Sp^p = Ux+p, the algebra 
T is defined by moving in the "opposite" direction: Tp^p = U^^^. The module X is now the image 
in {S (8) T)-qgr of the natural S Cg" T-bimodule S^fi (JDso o ^*,0- 

1.7. The hypotheses (H1-H4) hold for the example of rational Cherednik algebras and Hilbert 
schemes, thanks mostly to |GGSj . In Proposition [921 show that they also hold for the Z-algebras 
constructed in jBPWj . These algebras are attached to C*-equivariant symplectic resolutions of 
singularities X ^ Y, where Y is an irreducible affine symplectic singularity with a C*-action that 
both attracts to a unique fixed point and scales the given symplectic form ui hy t ■ u = f^oj for all 
t G C* and some m > 0. Examples include: 

• The minimal resolution 9?T — )■ 9Jto = C^/F for a finite subgroup F C SL{2, C) of type A; 

• X = Hilb"(9Jt) and Y = Sym"(2Ko) with and TIq as above; 

• The Springer resolution T*{G/B) — t- M. More generally, one takes X = T*{G/P), where P 
is a parabolic subgroup of the reductive algebraic group G and Y is the affinization of X; 

• Various Nakajima quiver varieties and their affinizations. 

In these examples, the Z-algebra is constructed from a C*-equivariant deformation quantization of 
X depending on A G H'^{X,C) and a very ample line bundle C on X. The characteristic variety 
can be interpreted, in this case, in terms of the deformation quantization. 

1.8. It may be worth noting that we do not require X — )■ Spec(i?o) in (H4) to be a resolution 
of singularities. So it makes sense to try to apply Theorem 11.51 in the case which arises from the 
minimal model programme, namely when the morphism X ^ Y is crepant with X Q-factorial and 
terminal. 

1.9. Outline of the paper. The natural generality for the results of this paper are for algebras 
indexed by Z" x Z" for n > 1. Following |Gij we call them directed algebras; this generality 
has appeared for |Gij and |Muj and has potential applications for other, more general symplectic 
reflection algebras. The essentials of directed algebras, combined with basic results about their 
Ext groups, filtrations and associated graded modules are given in Sections [21 [3] and [H The 
analogue of dualizing and the spectral sequence relating the cohomology of a module to that of 
its associated graded module appears in Section [5l This is used in Section [7] to prove parts (1) 
and (2) of Theorem 11.51 The analogue of Gabber's theorem. Theorem I1.5l f3). is then proved for 
general directed algebras in Section [HI The application of the theorem to a number of different 
quantizations of symplectic singularities, including Cherednik algebras, is given in Section [9l 
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2. Directed algebras. 



2.1. As remarked in the introduction, the results in this paper work for more than just Z-algebras, 
and so in this section we provide the relevant definitions and basic results. 

Let A be a submonoid of a finitely generated free additive abelian group G(A) such that A 
generates G(A) and A n —A = {0}. For A,/.f G G(A) we write A>^ifA — /UGA. Note that if 
^i, . . . , £ G(A) then there exists A G A such that A > /ij for each i, namely A = ^ ^Uj. 

Definition. A A-directed algebra is a A-bigraded k-algebra 

such that each 5a,a is a k-algebra and multiplication is defined matrix style: 5'a,^S'^,t ^ Sx^r and 
S\,^Si,,T = for /i 7^ z^. We further assume that each 5a,a is unital, with unit 1a, and that each 
Sx^fj, is finitely generated and unital as a left module over S'a.a and as a right module over S^^^. 

The A-directed algebra S is called a Zower A-directed algebra if Sx,^ / only if A > respectively 
an upper A-directed algebra if Sx,fj, / only ii \ < fi. 

2.2. Examples. There are three examples of A-directed algebras that will interest us. 

(1) Let R = ©AeA-^A be a A-graded k-algebra. Set i^^ = for A G G(A) \ A. Define a lower 
A-directed algebra A{R) by A{R) = ^^^^^^A{R)x,^, where A{R)x,i, = Rx^,. 

(2) If S is an upper A-directed algebra, then its "transpose" S^^ is a lower A-directed algebra. 
Formally S^'^ = ®{S^^)x,fi where {S^'^)x,fi = Sf^^x, with the opposite multiplication. 

(3) If S is lower A-directed and T is lower F-directed, then S <SiT is lower (A x F)-directed. 

In this paper we will only consider upper and lower directed algebras. By (2) it suffices to 
consider only the latter case. 

For the rest of this section we assume that 5 is a lower A-directed algebra. 

2.3. Definition. A graded (left) S-module is a left S'-module M = '^A with matrix style 
multiplication Sx,i_iMi, = for u ^ ^ and S'a^^M^ C Ma. Each Ma is assumed to be a unital left 
S';^_;^-module. 

The category of all such modules will be denoted 5'-Grmod, where the morphisms are the homo- 
geneous 5-homomorphisms. The category of graded right modules is denoted Grmod-S'. 

If S = A(i?) as in Example I2.2f l). then A(i?)-Grmod is the category of A-graded i?-modules. 

2.4. The category S-Grmod admits direct limits and these direct limits preserve exactness. More- 
over the category has a set of distinguished objects parametrised by A, 

(2.4.1) S,,A := 05.,A = S-lx. 

The set {S*,a : A G A} generates the category 5'-Grmod: if M = 0;^^^ G 5'-Grmod and m G Ma, 
then 1a I—)- m induces a unique homomorphism S*^a — )• M. It follows from [Gal Chapitre II, §6, 
Theoreme 2] that every object of 5'-Grmod has an injective hull. 
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Definition. S is called locally left noetherian if S*^a is noetherian in S-Grmod for all A G A. The 
full subcategory of noetherian objects in S'-Grmod will be denoted by S'-grmod. 

If ii is a A-graded algebra, then A{R)^,^x = A] where R[—X]r = Rt~x for ah r. So A(i?) 
is locally left noetherian if and only if R is left noetherian. In general, when S is locally left 
noetherian, S'-grmod is the subcategory of finitely generated modules. 

2.5. As for unital graded algebras, it is natural to consider the quotient category of graded noe- 
therian modules modulo the Serre subcategory of torsion modules. 

Definition. An object M G S'-grmod is called torsion if there exists A G A such that M,- = for all 
r G A + A. An object M of S-Grmod is torsion if it is the direct limit of noetherian torsion objects. 
We denote the corresponding full subcategories by S-tors and S-Tors respectively. 

The category S-tors is a Serre subcategory of S-grmod and so we can form the quotient category 
S-qgr = S-grmod/S-tors. If S is locally left noetherian (which is the main case of interest in this 
paper) then S-Tors is a localising subcategory of S-Grmod, \Ga\ Chapitre III, §3, Corollaire 1] and 
so we can form the quotient category S-Qgr = S-Grmod/S-Tors. By \Ga\ Chapitre III, §1&:2], S-Qgr 
has an exact quotient functor its '■ S-Grmod — )■ S-Qgr whose right adjoint is the section functor 
as ■ S-Qgr — ^ S-Grmod. 

2.6. Vorsicht! There is a substantial lack of symmetry in concepts from the last two subsections. 
For example, if T is lower N-directed then every graded noetherian right T-module is torsion. 

2.7. Shifting. Let S be lower A-directed. For A G A we define a new lower A-directed algebra by 

We have shift functors 

[A] : S-Grmod — > S>A-Grmod, [—A] : S>A-Grmod — > S-Grmod 

defined as follows. Given M G S-Grmod, set M[A] = 0^gAM[A]r where M[X]r = Mx+r, while if 
N G S>A-Grmod set N[— A] = 0^^^ '^[~^]t where N[— A],- = N^_a if t > A and is zero otherwise. 
It is immediate that N[— A][A] = N, whilst there is a short exact sequence 

M[A][-A] ^ M ^ C ^ 

where C,- = for all r > A and so C G S-Tors. This has the following useful consequences. 

Lemma. Let S be a locally left noetherian lower A-directed algebra. 

(i) The functors [A] and [—A] induce equivalences of categories between S-Qgr and S>x-Qgr and 
hence between the noetherian subcategories S-qgr and S>\-qgr. 

(ii) Suppose that there exists A G A such that S>a = A(i?) for some A-graded commutative 
algebra R. Then S-Qgr and R-Qgr are equivalent categories. □ 
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2.8. Morita directed algebras. Let 5 be a lower A-directed algebra. 



Definition. We call A G A a good parameter for S and S>\ a Morita A-directed algebra provided: 

(1) Sx^x is a noetherian ring; 

(2) for all /U > A, tensoring with the (5^^^, 5A,A)-bimodule S^^x induces a Morita equivalence 
between S'a,a-MocI and 

(3) for any fi > t > \ the multiplication map 5^^,- 18)5^^ S-^^x — > 5'^,A is an isomorphism. 

A routine application of Morita theory shows that if A is good then so is any fi > X. If A is a 
good parameter and /i > A we write = Hom^^ xi^^J■,>^^ 'S'a.a) for the dual of 5'^,a- By hypothesis 
it is an (5a, a, 5'^,^j)-bimodule that is projective on both sides. 

2.9. A mild generalisation of |GS21 Lemma 5.5] or \Bo\ Theorem 12] gives: 

Proposition. Suppose that S is a locally left noetherian lower A-directed algebra and suppose 
that A is good. Then there exists an equivalence of categories ^ : Sx,\-Mod — > S-Qgr given by 
M TTs {{ 0^ 5't-+a,a 'X'S'a a ^) [~^]) ■ restricts to an equivalence between Sx^x-iT^od and S-qgr. 

Proof. We first claim that the functor : M 1— >■ 0^ St-+x,x ®Sx a ^ provides an equivalence 
'S'A.A-Mod — > 5>A-Qgr. This follows from the cited references, after the following minor mod- 
ifications. First, they only deal with the N-directed case, but the proof extends trivially. Second, 
those papers only prove the result at the level of noetherian objects. This implies the general case 
since the functor is defined on all modules and, by the Morita equivalence, it commutes with direct 
limits. 

The equivalence 5>A-Qgr — > S-Qgr and hence the proposition now follow from Lemma [221 □ 

2.10. Remark. The functor <I> inverse to ^, is easy to describe for noetherian objects. Specifically, 
ii M = vr5(0^g^ M^) e S-qgr then ^{M) = S*^^ (g) G S'A,A-mod for any /i > A. The details 
can be found in |GS21 Lemma 5.5]. 

3. HOMOLOGICAL NOTIONS. 

In this section we assume that 5, T and Sf^T are, respectively, A-directed, F-directed and 
(A X r)-directed. Each is assumed to be locally left noetherian. 



3.1. Here, we introduce several homological concepts which are to be used throughout the paper. 
In particular, we will find the appropriate analogues for directed algebras of a locally free sheaf and 
of the dual functor Hom/i(— , A) over a unital ring A. 

3.2. Definition, (i) Let N € (5 (g) T)-Grmod and 7 € T. Mimicking ([2XT]) . set 

N*,7 = 0Na,7 G S-Grmod. 

aga 
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(ii) For i > 0, define a functor SXTg.Qgri-^ N) : S'-Qgr T-Qgr by 
(3.2.1) £XTIq^,{M, N) = TTrf Exf5_Qg,(M, 7r5(N,,^))') for M G S-Qgr. 

To see that part (ii) of this definition makes sense, use 12.41 to pick an injective resolution I* of 
N*^^. By |Gal Corohaire 2, p. 375] its{\') is an injective resolution of 7r5(N*^^) and so this can be 
used to calculate the Ext-groups in question. Moreover for any t E 771,72 left multiplication by t 
induces a morphism t- : N^, .y2 ^*,'yi S'-Grmod and hence in S'-Qgr. This morphism provides 
the direct sum in (j3.2.ip with the required structure of a graded left T-module. 

3.3. We can modify the above definition, replacing N G S (g) T-Grmod with Af e S ^ T-Qgr, by 
setting 

(3.3.1) £XTs.Q^,iM,M) = £XTlQ^,iM,as^TiM)) for M e S-Qgr. 

In this definition note that the section functor as^T '■ Scg) T-Qgr — t- S* (g) T-Grmod is not necessarily 
right exact, just as proper pushforward for quasi-coherent sheaves is not. 

We need to check that this definition coincides with (j3.2.ip when J\f = irs^Ti^), and Ai is 
noetherian. 

Lemma. Assume that M € S-qgr. Then for all i >0 and N € S ®T-Grmod there exists a natural 
isomorphism in N 

Proof. Let Z G 5 (X" T-Grmod be torsion; thus Z = lim Z(j) where each Z(j) G 5 (8) T-grmod has the 
property that there exists (Aj,7j) G A x F such that Z{j)a,i3 = for all a > Xj and (3 > 7^. The 
first step of the proof will be to show that 

(3.3.2) £XTs_Q^,iM, Z) = for any i > 0. 



Well, 



£XTs.Q^,iM,Z) - ^T(0Ext^_Qg,(A^,^5(Z.,7))) 

^ 76r ^ 



TTT I Ext'5_Qg,(7W, lim7r5(Z(j)*,^)) 



7er 



TTT [ limExt'5_Qg,(7W, 7r5(Z(j%,^)) 



7Gr 

- IhnTTrf 0Ext^5_Qg,(A^,7r5(Z(j%,^))Y 
^ 7er ^ 

Here the second and the last isomorphism hold since tts and ttt commute with direct limits, \Ga\ 
p. 378-9], while the third isomorphism holds because Ai is noetherian. But for any 7 > 7^, the 
object Z(j%_^ is S-torsion since (Z(j%^^)a = Z{j)x^^ = for all A > Aj. Hence 7r5(Z(j%^^) = 



and the T-module 0^gp Ext5_Qg|.(A^ , 7rs(Z(j%^^)) is torsion. Thus tt^ kihs each such module and 
(j3.3.2p is proven. 

Set N' = 0"5,g,T(vr5,g,T(N)). By |Ga|. Proposition 3(2), p. 371] there are graded S (8) T-modules 
M C N and M' C N' such that (i) M and N'/M' are torsion, and (ii) there exists an isomorphism 
'ijj : N/M — > M'. Now apply the functor £XTs_Qg^{A4, — ) to the short exact sequences 

^ M ^ N ^ N/M and ^ M' ^ N' ^ N'/M' 0. 

Using the fact that its and ttt are exact, we get long exact sequences 

• • • ^ S'^Ts-Q^.iM, M) ^ £Xrs_Q^,{M, N) ^ £XTs_q^,{M, N/M) ^ • • • 

and 

• • • ^ SXTs-Q^^iM, M') ^ £XTs.Q^,{M, N') ^ fA-T^.Qg.CA^, N'/M') ^ • • • . 
By (j3X2|) . it fohows that 

£XTs_Q^,iM, N) ^ £:^r;_Qg,(A^, N/M) and £:A'r;_Qg,(A^, M') ^ £XTs.q^,{M, N'). 

But induces an isomorphism £XTg_Qg^{^A,N/hA) = £XT'g_Qg^{J^,M'). Combining these three 
isomorphisms gives the desired result. □ 



3.4. Acyclic sheaves. Assume that ^oo = Tqq. We define 

(3.4.1) Xsc^T = 7r5®T(S*,o ®5oo T*o) = 7r5®T(^^^^^^^5'A,o ®5oo ^7,o) e S(^T-Qgr 
and, for 7 S T, set 

(3.4.2) = X,^^ = 7r5(0 5^,0 ®5o,o 7^,0) G S-Qgr. 

We will usually drop the subscript from Xgi^T as it will be clear from the context. 

Definition. A module £ S'-qgr is called an acyclic sheaf, or more strictly an (5, r)-acyclic 
sheaf, if £XTs.Qgri^^ ^S(E)t) = for all i > 0. 

The significance of this definition is that the dual object I{oms_Qgf{Ai,TTs{S)) does not behave 
well over a lower A-directed algebra S. Indeed, 12.61 implies that S" is a torsion right 5"- module 
and so nsiSs) = 0. This makes Hom5_Qgr(A^, 7rs'(5')) useless in applications. As will be seen, an 
appropriate replacement is the T-module "HO A4 s-Qgri-M., Xs^t), for a suitable directed algebra T. 

Now suppose that S = T = A{R) for a commutative A-graded algebra R for which X = Proj(i?) 

is smooth. If we identify /S-qgr = Coh(A), then X is just l^:Ox under the diagonal embedding 

L : X — > X X X. Since £xt-'j^{A4, Ox) can be calculated on affine patches, it follows that in this 

case an acyclic sheaf is just a vector bundle on X. 
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3.5. Proposition. Assume that Sqq = Tqo'. Let X £ A be a good parameter for S and 7 G F a good 
parameter for T. 

(1) Sa = ^5(5*, a) is a projective object in S-Qgr. In particular, for all M G S-Qgr and i > 
we have Ext5_Qg.^(SA, M) = and so §>\ is an acyclic sheaf. 

(2) G S-qgr for any 7 G A. Consequently, X is noetherian as an object in {S Cg" T)-Qgr. 

Proof. (1) Under the equivalence of categories S'a^a-MocI S'>A-Qgr defined in the proof of Propo- 
sition [2]9l the projective object 5a,a is sent to 0^5t-+a,a- On shifting by (—A) we then get the 
object whose ^th component is 5^ a if > A and is zero otherwise. But on applying its this is Sa- 

(2) By Proposition 12.91 again, the noetherianity of Xy is equivalent to the noetherianity of 
the 5A,A-module Sx^ ®5o,o ^7,0- This is noetherian since T-y^ is a finitely generated module over 
5*0,0 = ^A.o is a finitely generated left 5A,A-module. 

In order to prove that that X £ {S T)-qgr, recall that T^^-y is a progenerator for all /i > 7 and 
hence = vrs'(0^ Sa,o (8) 50,0 ^^,0) = T^siT^.-y ®T^.^ ^^7) for all such /x. Therefore, 

By the above paragraph this is a noetherian object in 5 (8) T-Qgr. □ 
Further acyclic sheaves are provided by Theorem 17.41 

4. FiLTRATIONS. 

4.1. In this section we discuss the basic properties of filtrations on directed algebras. 

Notation. An N-filtration ^"5 on a lower A-directed algebra S will always be assumed to respect 
the graded structure of S. Thus F"^{S) = ®y>\F^Si,^\ for all m > 0. This ensures that the 
associated graded object gr^. S has an induced lower A-directed algebra structure. 

Suppose that ^ = |J F'^A is a filtered right module and that S = |J F'^B is a filtered left module 
over some algebra U . Then the tensor product filtration on the vector space A ®ij B is defined 
by F'^iyA (^u B) = Y.j A ®u F'^'^B for m G N. Note that for a filtered algebra U = {]F'U, 
the multiplication map n : U U U is automatically filtration preserving in the sense that 
^[F"''{U ® [/)) C F'^U when the left hand side is given the tensor product filtration. 

4.2. Hypotheses. Given a lower A-directed algebra S with an N-filtration F'S, we assume 
(HI) There exists a good parameter A5 for S; 

(H2) As A-directed algebras, gr S = A(ii), where R = ©AeA -^A is a finitely generated commu- 
tative A-graded domain satisfying R,^ • Ryi = Ryj^yi for all u' G A. 

Given a second A-directed algebra T satisfying T^q = Sqq, we also assume 

(H3) Hypotheses (HI) and (H2) also hold for T with Xs = Xt- Furthermore, under the tensor 

product filtration, gr(S'T-^o ®So.o ^7,0) = -Rt+7 for each r, 7 > Xs- 

10 



Hypothesis (H2) ensures that S is locally left noetherian by the comments following Definition l2.4[ 
Similarly, the first part of Hypothesis (H3) ensures that T and S (SiT are locally left noetherian. 
Therefore the underlying assumptions of Section [3] follow from these hypotheses. 

The final part of Hypothesis (H2) guarantees that the n*^ graded piece gr^lSu^r) of gr 5^^,- satisfies 
gr„(5'j,^T-) = J2j<nS^j(^'^,p) S''^n-j{Sp,T) for each n and u > p > t e A. Thus (H2) imphes that the 
multiplication map n is filtered-surjective in the sense that under the tensor product filtration 

(4.2.1) KF"^{Su,p'^s,,,Sp,r)) = i^™(5^,r) foreachmandz^>p>TG A. 

4.3. Here are our conventions concerning filtrations on objects from Qgr. 

Definition. A filtration on M ^ S -Qgr is a pair (M, F*) consisting of choice of a lift M G 5-Grmod 
of Ai and a Z-filtration F' on M that is separated and exhaustive. We typically abuse notation 
and denote such data by F'Jli. A filtration on M. gives rise to the quasi-coherent sheaf gr^ = 
vr^j^j (gr M) on X. A filtration preserving morphism between F'M and F'N is just a filtration 
preserving morphism in S'-Grmod between the given lifts M and N. It induces a morphism gr^^ — )■ 
gvpM in i?-Qgr. A good filtration on 7W G S-Qgr is a filtration such that gvpAi G -R-qgr. 

Note that if G'M is another filtration of Ai that agrees with F'Ai in high degree, then gr^^ M = 
gr^j A^. The existence of a good filtration implies that G S-qgr; conversely, any object of S-qgr 
can be given a good filtration, thanks to the combination of Proposition 12.91 and |GS2l Lemma 2.5]. 

4.4. Assume that S satisfies Hypotheses (HI) and (H2) and write X = Proj R. For A > As', recall 
the module §\ = 7r5(S*^A) from Corollary 13.51 Then the given filtration F* on S provides induced 
filtrations, again written F*, on S*^a and §\. We have gr^S^ — 7rif,(-R[— A]) = C'x(— A) as objects 
in A(i2)-qgr. 

Definition. Let A4 G 5'-Qgr have a good filtration F'A4. We will say that an exact sequence 
■p* — 7- — 7- is a filtered projective resolution of M in S-Qgr if the following hold. 

(1) For some t > \s each V^' can be written = 0i<j<„^ S^ejr — st"'^'* for some basis {ejr}- 

(2) Give each S*^,- the filtration induced from S, and give S^^r^jr the induced filtration G* 
by assigning ejr G G^^^ for some kjr- Then the resolution — )• is filtered and the 
associated graded complex giCQV — )■ gr^ — )• is exact. 

Note that in the second part of the definition gr^j'P'' = 0^. Oxi—T)ejr- 

4.5. We can form filtered projective resolutions in 5-qgr. 

Lemma. Let S satisfy Hypotheses (HI) and (H2) and suppose that M G S-Qgr has a good filtration 
(M,F*). Then M has a filtered projective resolution. 

Proof. We will reduce the problem to a case where we can apply |GS21 Lemma 2.5(i)]. It does no 
harm to replace M by M>^, for any r > Xs, so we do. Now, by Proposition 12.91 5-Qgr ~ ^T-^r-Mod 
and S>r is a Morita A-algebra. 
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Let gr^ M be generated by X]"=i gr_p M^-- and pick r > A5, ti, . . . , r„. By (H2) grpM>r is 
generated by grMi-, so replacing M by M>t- means that M is now generated by = Mt-. The 
multiphcation map /ij/ : S,y^r '^Stt ^ ~^ is therefore surjective for ah 1/ > t. If it is not an 
isomorphism for some z/ then Ker /ij^ 7^ 0. But as each Sa,u is a progenerator, this would imply that 
Ker/iQ, 7^ for all a > i^, contradicting Proposition 12.91 Hence each fi^ is an isomorphism. 

Let F*N denote the induced filtration on N. We claim that each fii, is a filtered isomorphism, 
where the domain is given the tensor product filtration T* induced from the filtrations on S^^r and 
N while the range is given the filtration F' induced from that on M. To see this, note that fii, is 
filtered by construction and so it is a filtered injection. That it is a filtered surjection for all ly is 
equivalent to the fact that gr^ M is generated by grpN. This proves the claim. To summarise, 
replacing M by some M>t-, we can assume that its filtration is induced from that on = M,-. 

Set U = Sr,T and apply the proof of \GS2\ Lemma 2.5(i)]. This constructs a free ?7- module 
Q = ®Uei, with a filtration G* defined by giving each some degree A;, > 0, for which there exists 
a filtered surjection cj) : Q ^ N. Set P{i^) = Su,t "^fy Q for > r and P = S^.^^ (du Q = ®,y>r ^i^) 
with the tensor product filtration T*. As in [loc.cit] it follows that gr^ P = ^ Ra is a free i2- module 
such that the induced map gr (p : gr^^ P — )• gr^ M is also surjective. 

Now repeat this procedure for A^' = ker(</)), with the filtration induced from that of Q, and 
iteratively obtain a filtered resolution Q' ^ N ^ that satisfies all the usual properties of 
filtered free resolutions of modules. Note that, as we are working with 5'r,T-modules here, the 
choice of r stays fixed throughout this procedure. Finally, using Proposition 12.91 one sees that 
S*,T '^St,t Q' ~^ ^*,T ®St,t — is then the desired filtered projective resolution of M. □ 

4.6. Corollary. Let S and T satisfy Hypotheses (H1-H3) and pick A4 € S-qgr and M G S-Qgr. 

(1) The groups Fjxtg_Qgi.{Ai,M) can be computed as the cohomology groups lUioms -QgriV jM) 
for any filtered projective resolution V ^ Ai ^ 0. 

(2) Define X = Xs(^t by (13X11) . Then 

SXT's.QgXM, X) = 7rr(0RHom5.c?^.(P',7r5(S,,o ®5o,o T^A.o)))- 

aga 

Proof. (1) Since everything can be computed in 5,-^,— Mod for r ^ 0, this follows from Lemma 14.51 
(2) As the members of the projective resolution of M are noetherian, this follows from (1) 
combined with Lemma 13.31 □ 

5. Dualising and associated graded modules. 

Assume throughout this section that S and T are filtered, locally left noetherian A-directed 
algebras that satisfy (H1-H3) from 14.21 Fix objects Ai,J\f € "S-qgr with good filtrations 
(M,F'), respectively (N,G'), where M, N E S'-grmod. Set X = Proj(i?). 



5.1. In this section results on filtrations and associated graded modules for unital algebras are 

generalised to directed algebras. This will culminate in a spectral sequence for the associated 

graded groups of Ext groups; see Proposition 15.91 for the details. 
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5.2. Recall from [Gal P-365] that Hom^.Qgr , 7^) = lini Hom5_Grmod(M', N/N'), where M' C M 
and N' C N are submodules for which M/M' and N' are torsion. Since M and N are both 
noetherian, (N/N')i, = N,, and M'^, = M^, for > and so any G Yiom.s-Qgr{M,N) be- 
longs to Hom5_Grmod(M>,y, N>,y) for z/ ^ 0. We therefore obtain a well-defined filtration ^' on 
^oTas-Qgr{M,M) by 

= ^rmHoms_Qg,(A^,AA) = {0 G Honicj.Grmod (M>^, N>^) such that 

e(F*M>^) C G*+"^N>^ for ah t G Z and u > 0}. 

5.3. Lemma. The filtration (|5.2.ip is separated and exhaustive. 

Proof. For /3 > a G A and 6 G Hom(M>a, N>q), we will denote the image of 9 in Hom(M>^, N>^) 
by 9 too. Given a G A, define the usual exhaustive filtration on Hom5_Grmod(M>a, N>q) by 

= ^^e(^ Hom(M>„, H>a) : 0(F*M^) C G*+™N^ for ah /3 > a and t G z}. 

Since C ^I/J^ C for all m and /? > a, it follows that ^' is exhaustive. Thus it remains to 
prove separability. 

For 9 G Hom(M>Q,, N>Q,) write ma{d) = min{m : 6 G Since G' is good, there exists 

a G A such that grg.(N)>ci = gVQ{N>a) has zero torsion submodule; Tors(gr(^(N>ci)) = 0. Clearly 
fnp{9) > m^{9) for any 7 > /? > a and G Hom(M>^, N>^), so the result will follow if mji{9) = 
m^{9) always holds. 

Suppose that r = mp{9) > m^{9) for some such 7, /3 and 9. Then we can find some /3' > j3 and 
a G F^M^/ such that 9{a) G G"+'"N^/ \ G^+'-^N^/. Replace /3 by /3' and 7 by 7' = max{/3',7}; 
noting that we still have r = mp{9) > m^{9). Clearly xa G F^+^M^ for any x G F^Ss^p \ F^^^Ss^p 
with (5 > 7 and j3 G Z. Since 7715(6!) < 777^(61) < r - 1, it follows that x9{a) = 9{xa) G G"+p+'"-^N5. 
But this implies that the principal symbol a9{a) satisfies a{x)a9{a) = 0. In other words, we have 
(A(i2)^ p) ■ a{9{a)) = for any 5 > 7. Thus a9{a) G Tors(grg(N>Q)) = 0, contradicting the choice 
of a. This means that m^{9) = mj3{9) for all 7 > /3 > a and hence that ^ is separated. □ 

5.4. Any 9 G ^''^ Homs_Qgr(7W,7V) induces a mapping from F'M^/F'+'^M^ to F*+'"N^/F*+i+'"Ni. 
for all large enough v and hence defines a homomorphism 

(5.4.1) eM,J\f ■■ grvj,Homs-Qgr(-M,AA) — > HomA(i?)-Qgr(grF-^, gr^-^) = Homx(gri. 7W, gr^TV). 

It follows from the definition of the filtration ^ that Qm,^ is injective. It is natural in both entries 
in the category of filtered objects. 

Lemma. Give §1, = TTsiS^^u) the filtration induced from S. For large enough u, depending on N 
and its filtration, the map 

= 0s.,Ar : gr^ Ylov[is-Qgr{&y,M) — > HomA(ij).Q^XgrFSi^igrF-^) = H^igTp-N' ® Ox{y)) 
is an isomorphism. 
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Proof. We have seen in 14.41 that grp§u — Ox{—i^) as objects m A(i2)-Qgr so the final equality in 
the displayed equation follows. Since gr:pM is coherent, grpM Ox{i^) has global sections gr^^ N^, 
for all I' ^ 0. Given x G F^N^, the map x '■ ^ x defines an element of ^* Hom5_Qgr(Si,, M). 
Therefore, for v ^ we have induced graded homomorphisms 

grp^N,, —4 gr^Hom5_Qgr(S,.,7\A) — > Rom^(^j^yQ^,{gTp §,^,gTp Af) ^ gvp^u 

whose composition is the identity on gr^ N,^. It follows that is surjective and so, by the comments 
after (|5.4.ip . it is an isomorphism. □ 

5.5. Definition. Let X = Xs^t be as defined in ()3.4.ip and recall Xs = Xt from (H3). Define 




Lemma HOI provides an explicit lift of to r-Grmod: A^^ = tttA4^ where 

Ai^ = Hom5.Qgr(7W, vr5(0 5^,o ®5o,o ^^.o)) e T-Grmod. 

7>At 

Symmetric definitions apply to Ai £ T-qgr. 

We will always give both X and the filtration induced from the tensor product filtration on 
the summands S,yfi ®5oo ^7,0- Then (j5.2.ip induces a filtration on AA^ by 

(5.5.1) ^ ■ . 

for all > Xt, t e Z and :$>0>. 

This induces a filtration, again written on . We observe that, although X 5-qgr, any 
(9^) G Ai^ only has finitely many non-zero entries and is therefore contained in Hom(A^,3^) for 
some 3^ G "S-qgr. Therefore, Lemma [5^ can be applied to give 

Lemma. The filtration (j5.5.ip is separated and exhaustive. □ 



5.6. The assumption in (Hi) that some large enough Xs is good, rather than all A G A are good, 
is necessary in applications. However, it does have the disadvantage that that we have less control 
over terms like Sx^^. The next lemma will allow us to avoid these problems. For > Xs, recall 
the definition of S* from 12. 8[ 

Lemma. (1) S^,o = S^^^Sufl = S^^u ®Su,u Sufi for all fi > u > Xs. 

(2) For all u > T > Xs we have Srfi = S*.^ ®Sv.v Sufi- 
Proof. The fact that S^^o = S^^uSufi follows from (j4.2.ip . while the isomorphism follows from the 
fact that S^^u is a progenerator over Su,u- 

(2) As Sr, is a progenerator the assertion is equivalent to (1). □ 
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5.7. As we show next, the horn filtration ()5.5.ip on has a natural interpretation in terms of 
the tensor product filtration. 

Lemma. Fix t > Xs = Xt- 

(1) There is an isomorphism of noetherian T -graded modules 

(5.7.1) e : §7 A 5^,0 ®5o.o T^fl. 

7>Ay 

This isomorphism is a filtered isomorphism provided we give the left-hand side the filtration (j5.5.ip 
induced from the standard filtration on §>r and the right-hand side the tensor product filtration. 

(2) For (j) > Xt we have 

Proof. (1) Let : 5-Qgr — S'r,r-Mod be the equivalence of categories given by Proposition 12.91 
and Remark 12. 101 Then, as right T-modules, we have 

§7 = Homs_Qg.(S., 7r5(Af^)) = Hom5,^,.Mod(S.,., $.(vr5(A'^))) 

= ^r(^s(0S.,o®5o,or7,o)). 

Remark 12. lUI and Lemma l5.6r 2) imply that, for any /i ^ and 7 > A-p we have 

^r(vrs(05'^,O ®Sofi ^7,0)) = 5';^,r (^5^,^ ('5^,0 ®Sofi ^7,0) = Srfl ®Sofi ^7,0- 
i/gA 

This proves (|5.7.ip . The argument of Corollary 13. 5f 2) ensures that 0^>;^j, Srfl ®Soq T^,o £ T-qgr. 
It remains to examine the filtered structure of 0. Let 

a; = ^ ^ Xr'' (g) x!^ G y = Srfi ®5o,o ^7,0- 
7 7>At 

Then, for any v > t, the computations of the last paragraph show that 0~^(x) G §^ is the 
homomorphism that maps 

7>At *7 7>At *7 

G Wi. = ^ Sjy^r 'S'r,0 I^So.o ^7,0 " = I^So.o ^7,0- 

7>Ar 7>Ax 

By (j4.2.ip . the tensor product filtration on Sy^r ®Sr,T •S'r.o agrees under multiplication with the 
given filtration on S^i^ = Sy^T-Srfl- Hence the treble tensor product filtration on Wy agrees with 
the tensor product filtration on Zy. Thus, by the last displayed equation, if x G F^{Y) \ F^~^{Y), 
then Q~^{x) maps F"^{Sy^r) to F"^'^^[Zy). In order to complete the proof of the lemma, we need 
to prove that Q~^{x) G F^{§^) \ F^'~^{§^) or, equivalently, that there exists u ^ such that 
xF'^iSy^r) 1 F'^+'-^{Zy) for some m > 0. 
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So, suppose that C for all > i/q > and all m > 0. Then Hy- 

potheses (H2) and (H3) imply that, inside R, one has a{x) • gr(0^>^jj S^^t) = and hence that 
cr{x) ■ i?>(j^g_^) = 0. This contradicts the fact that, by Hypothesis (H2), i? is a domain. 

(2) By (1) 

(§V)V ^ HomT-Qgr(vrr( Srfl (8)50,0 ^7,0) > ^t(0 5*^,0 ®5o,o ^ufi 

Now, as in (1), apply the equivalence of categories <I>(^ : T-Qgr — >■ T^^^-Mod defined by Proposi- 
tion [2]9] and Remark 12.101 for the algebra T. □ 

5.8. Combining Lemma lS.Tf l) with Hypothesis (H3) gives: 

Corollary. Pick r > A5, and give S'^ the filtration F' of Lemma \ 5. 7^ 1 ) . Then 

gr^Sr = S^FiSrfi ®5o,o ^7,0) = -Rr+7 
7>Ar 7>Ar 

as objects in A{R)-grmocl. 

In particular F* is a good filtration on and gT§>X = t^r{R[t]) = Ox{t). □ 

5.9. We next want to filter the T-module £XT^g_Q^^{M, X), and to relate its associated graded 
module to the sheaf Ext group £xt^^{gxp Ox) G Qcoh(X). For this we introduce the following 
spectral sequence. 

Proposition. There is a convergent spectral sequence in A{R)-Qgr = Qcoh(X) 
(5.9.1) S : EP = £xtP,{gTpM, Ox) =^ gVpSXTlg^XM, X), 

where the good filtration F' of 8XTg_QgX-^i ^) ^-^ defined in the proof. 



Proof. The proof will follow the argument in |Bjl Chapter 2, Section 4]. We remark that Bjork's 



result is phrased at the level of filtered abelian groups, and this is general enough to encompass 
much of the present proof. 

Using Lemma pick a filtered projective resolution — >• — )• 0, where each V' = 0^- S^ejr 
for some basis elements ejr and some v > Ag. Here, the summands §u^jr are filtered by giving ejr 
some degree kjr. Write 

(K',d) = (V)^ = Hom5.Qg.(P*, ^s(0S.,o 0so,o ^7,0)) 

for the induced complex with differential d. By Lemma 15.51 this is a filtered complex in T-Grmod. 
Let {K.',d) G T-Qgr denote the image of (K*,d) under ttt- By Lemma ISTTT I). for each r 

(5.9.2) K-^ = 0S^)', = © I ^.,0^50,0 7^7,0 I 4 

3 3 \7>At / 

where deg ej^. = — deg Ejr and then the right hand side of (|5.9.2p is given the (good) tensor product 
filtration F* . 
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In the notation of |Bjl pp. 48-51] our complex K' = ^ with filtration is Bjork's abelian 
group {A,d) with filtration Tj. For each j £ N, set Z°° = Ker(d) n and notice that the group 
H := Ker((i)/ Im((i) is filtered by the ^•'(H) = Zj° + lm{d) / lm(d) with associated graded group 

gr H = 0^. (Z°° + lm{d)) I (Z°^i + Im((i)) . By Corollary SSI 



(5.9.3) H = H-(K-) = 00 Ext^_Qg,(X,7r5(0 S,,o ®5o,o ^7,0))- 

V 7>At f 

Now consider the graded group gr^ K* = ^ F^ / F^^^ with the induced action gid of the differ- 
ential d and its cohomology group H = Ker(grd)/Im(grd) = @^HP{gVp K*). By |Bjl[ Chapter 2, 
Theorem 4.3] and (|5.9.3p . for any |j > 0, we have a spectral sequence of graded A(i?)-modules: 



■7>A' 

As we noted, F' is a good filtration on each and so, for each p, F'^K^ = for q <^ 0. Therefore, 
by the proof of |Se21 Theorem, p. II. 15], this sequence converges if for all p there exists s{p) > 
such that 

(5.9.4) i?9KP+^ n d{KP) C d(F'^+^(P)KP) for all qeZ. 

Since F* is a good filtration on each both {Gj = F^K^+i n d{KP)} and |g^- = d{F^KP)^ are 
good filtrations on d(KP). By \MR\ Proposition 8.6.13] there therefore exists s{p) > such that 
Gq C for all q. Thus (|5.9.4p holds and S' converges. 

Applying the exact functor vr/v^(ij) to S' gives a necessarily convergent spectral sequence: 

§: £;? = i/P(7r,(^,(gr^K-)) =^ V«/grF( Ext^.Qg.(-M,vr5(0 5,,o C5so,„ r,,o)))) • 

^ 7>At I' ^ 

By definition, the right hand side of S is gr^(iSA'7'_5_Qgr(Al, '^)) and so it remains to identify the 
left hand side. However, by construction, the filtered resolution V defines a projective resolution 
gipV* — > gipM — > of gr^A^ in A(i2)-Qgr. Also, Hypothesis (H3) ensures that gipX-y equals 
Ox (7) for 7 > 0. Thus 

^A(fl) (g^F K') = 7r^(«) ( gr^ Hom5_Qgr(P', 

7>At 



- ^A{B) ( HomA(fl)_Qgr(grFP', gr by Lemma[531 

7> Aji 

- ^A(H) ( HomA(fi).Qg.(grFP', Oxil))) 

7> Ay 

^ ?^omx(gr^P', Ox). 

Therefore //^(vr^^^j (gr^ K*)) = <Sxi^(gr^7W, Ox), as required. □ 
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5.10. The following standard consequence of the spectral sequence (j5.9.ip will be particularly 
useful. 

Corollary. (1) For eachp > and under the induced grading, the sheaf gr£Xl'g_Qg^{A4,X) S 
A{R)-Qgr is a subquotient of £xt^{grp M, Ox)- 
(2) Let A4' G T-qgr with a good filtration F. Then for each p > and under the induced 
grading, gr SXT^-Qgri-M'^ ^ A(i?)-Qg'f is a subquotient of Ext\{gvp M' , Ox)- □ 

Proof. Part (1) follows from the proposition combined with the observation that each term E^j^^ is 
a subquotient of Er- As our hypotheses are symmetric in 5 and T, this also proves (2). □ 

5.11. Remark. It is well-known that filtrations that are not good have bad properties. This is 
especially true when filtering objects in S'-qgr, or even U-qgr for a graded unitary ring U . For an 
extreme example, suppose that F^S C 0^ Sr^r and that Q ^ M = t^s{^) G 'S'-qgr. Now filter M 
by F'^(M) = M. Then gr^ M is killed by gv^i A(i2) 5 i?>i and so gr^ M is torsion. Thus, in the 
notation of [331 gri^ = vrA(K)(gri7(M)) = 0. 

Fortunately for good filtrations this problem does not arise as we have 

Lemma. Let Ai G S-qgr have a good filtration {M,F*) and suppose that gip M = 0. Then Ai = 0. 

Proof. Since F' is a good filtration, grp{M) is finitely generated. Since 7rA(_R) = this means that 
gr^(M) is torsion and so M is also torsion. Hence = 0. □ 

6. Commutative theory. 



Fix a finitely generated commutative A-graded algebra R = ®xeA and lower A-directed 
algebras S and T that satisfy Hypotheses (H1-H3) from 14.2] Set X = Proj(i?). 



6.1. We prove results on the support of i?-modules and more specifically the support of gr M for 
Ai € S-qgr. These provide analogues for projective varieties of results proven in [Lej for affine 
varieties and our proofs closely mimic Levasseur's. 

6.2. Notation. We will always identify X = Proj (ii) with the set of graded prime ideals of R that 
contain no irrelevant ideal. Given p € Proj(i2), write Cp for the homogeneous elements in it! \ p, 
with G(A)-graded localization Rp = RCp^ and set i?(p) to be the degree zero component (-Rp)o- 
Thus i2(p) is the local ring of X corresponding to the complement of the subscheme V(p) C X. 
Similarly we write N(p) = {N(i^RRp)o for N G iZ-Grmod. By \Kh\ Propositions 8.2.2 and 9.1.2] there 
is an equivalence i2(p)-Mod i?p-Grmod given by M i— t- Rp ^/j^^jM, with inverse L i— ?• Lq. 

Given C G A(i?)-qgr = Coh(X), its support Supp£ is defined to be its support in X: 

Supp£ = {p G Proj(i?) : £p / 0}. 

By the multihomogeneous analogue of \iir\ Chapter II, Proposition 5.11(a)], if £ = vr/jL for L G 
i?-grmod, then Cp = L(p). Thus Supp£ = Supp L n Proj(i?), where SuppL denotes the module- 
theoretic support of L. 
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Combining these observations with the multi-graded analogue of \Rt\ Proposition III. 6. 8] gives 
the following description of the sheaf Ext groups of Ox-modules, denoted by Sxtx- 



Lemma. Let p G Proj i? and N G R-grmod with corresponding coherent sheaf J\f = vr/jN G R-qgr. 
Then Ext*^^^^ (N(p), i?(p)) ^ fxi^(A/', Ox\ for anyt>0. □ 

6.3. By |Bal Theorem (f)]. and Lemma [6121 X is Gorenstein if and only if £xt\{M , Ox) = for 
all t > dimX and M G Coh(X) = i?-qgr. Given a module M over a ring A, we write £AiM) for 
the length of M. 

Lemma. Assume that X is Gorenstein. Let N G R-grmod with corresponding coherent sheaf 
J\f = ttrN, and let t G N. 

(1) Ifp G SuppSxt^xi-^^ C>x), then ht{p) = dimi?(p) > t. 



(2) Let p be a minimal prime in SuppA/". Then Ext^^^^(N(p), ii(p)) = if t ^ dim R(p)- If 
t = dim i2(p) then Ext^^^^ (N(p), -R(p)) has finite length, equal to £R^pj(N(p)). 

(3) Suppfx4(AA, Ox) = ULi^iPi)^'^' where the V{pi) run through the irreducible compo- 
nents o/ SuppA/" of codimension t in X and T> consists of a union of irreducible components 
of codimension > t in X, each of which is contained in the union of the irreducible compo- 
nents o/ SuppA/" of codimension different from t. 

Proof. (1) If p G Supp^a;^^(A/", Ox), then Ext*^ (N(p), ii(p)) / by Lemma E21 

Since -R(p) is 

Gorenstein, |Bal Theorem] implies that ht{p) = injdimfi^p^ = dimi?(p) > t. 

(2) If ^_R(p) (N(p)) = oo, then N(q) 7^ for some q C p, contradicting the minimality of p in SuppA/". 
Hence (-r^^^-^ C^Cp)) < ~ ^(p)/P(p)- Then, as i?(p) is Gorenstein, |Ba[ Proposition 2.9] implies 

that 



Extk (/cp,i?(p)) 



if t 7^ ht{p) 
kp if t = ht{p). 

Let L be an i?(p)-module of finite length. By induction on the length of L, it follows that 
Ext*j^^^(L,i?(p)) = if t / ht{p), while £^(^,(Ext2^(;^)(L,ii(p))) = in^jL^,)) < 00. So (2) holds. 

(3) If V(p) is an irreducible component of SuppA/", then p is minimal in SuppAA. Thus if 
t = codim V(p) = injdimi?(p), then part (2) and Lemma \^72\ show that p G Supp<5a;i^(A/", Ox) and 
hence that V(p) C SuppSxtxiJ^, Ox)- Conversely, if q G SuppSxt^iAf, Ox), then ht{q) > t hy 
part (1). By Lemma[01 7^ £xt'j^{Af, Ox)q = Ext*^^^^ (N(q), i?(q)) and so q G SuppTV". □ 

6.4. Definition. Let M G S'-grmod and pick a good filtration F' for M. Following |GS2[ Defi- 
nition 2.6], we define the characteristic variety of M to be Char M = Supp(grp' M) C X. The 
characteristic dimension of M is defined to be chdim(M) = dim Char M. If M G S^.A-rnod, for a 
good parameter A, we write Char(M) = Char(^'(M)), in the notation of Proposition! 



By the proof of |GS21 Lemma 2.5(3)], Char M is independent of the choice of F*. Moreover, 
Char N = for any torsion module N and so Char M = Char M' whenever 7r5(M) = 7r5(M'). Thus 
Char A/i and chdim(A^) are also well-defined for A4 G S-qgr, or indeed for Ai G i?-qgr. 
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6.5. Recall the cohomology groups EXT defined in (j3.3.ip for objects in 5-Qgr. 

Proposition. Assume that X is Gorenstein. Suppose that M G S-Qgr has a good filtration F 
and give £XTg_Qgi.{M, X) the induced filtration F, as defined in Proposition \ 5.9[ IfV{p) is an 
irreducible component of Char M of codimension t in X, then 

[gipSXTlg^XM, X))^ - £xt'^ (g^FiM), Ox\ ■ 

Proof. We use the spectral sequence S from Proposition 15.91 Here E\ = Cxt^xis^F ^x), and by 
definition Ef^ = H\E*^_^,d) for ^ > 0. We have Ej^ = E^^ = grp£XTs_Qg,{M, X) for all m > 0. 
Clearly, {E^)^ = H^{{E;_^)^) and so, by LemmaE^l 

{Ei\ = Sxt'^igrpM, Ox), = Ext^^^^, ((gr^ M)(p), R^,)). 

Since p is a minimal prime ideal in Char 7W = Supp(grp' Lemma I6.3l f2) implies that the only 
nonzero term in {E*)p is Ext^^^^ {{s^f '^)(p)' -^(p))- Therefore, by recurrence, (£'m)p = (-^*)p 
m > 1. By Proposition 15.91 this implies that 

[grp£XTlQ^,{M, X))^ = = {E-\ = £xt'^ (gvAM), Ox\ , 

as required. □ 

6.6. The main result of this section is the following analogue of }Le[ Corollary 3.3.4]. 

Corollary. Assume that X is Gorenstein. Let M G S-Qgr with a good filtration F and pick t G N. 
Then 

p 

Char£XTlQg,{M,X) = \JV{p,)UV, 

1=1 

where the V(pj) are the irreducible components of Char M of codimension t in X and T> consists 
of a union of irreducible components of codimension > t in X, each of which is contained in the 
union of the irreducible components o/CharA^ of codimension different from t. 

Proof. By Corollary 15.101 and under the induced filtrations, we know that gi £XT s_q^j{M, X) is 
a subquotient of Sxt^xi^F Ox)- Therefore, 

Char£XTs-Qgr{M, X) C Suppfa;4(gr^ A^, Ox). 

Lemma[Ol3) then implies that Char £ XTI_q^,{M , X) C (J^^^ V(pi) U V. 

It remains to show that each irreducible component V(q) of Char of codimension t actually 
appears in Char £ XT g.Q^^^M , X). However, by Lemma [6l3lf 3). such a V(q) is also an irreducible 
component of Supp<Sa;i^(grp' Al, Ox)- Therefore, by Proposition l6.5t {gi £ XT s_Q^f{M. , X)^ 7^0, 
and so V(q) does indeed appear in Char £XT*g_Q^^{M^, X). □ 
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7. The double Ext spectral sequence. 



Fix lower A-directed algebras S and T and a finitely generated commutative A-graded 
algebra R = 0a6a that satisfy (H1-H3) from|121 Set X = Proj(i?). 



7. 1 . One of the most useful tools for applying homological techniques to enveloping algebras and 
other filtered algebras is the notion of an Auslander-Gorenstein ring and the related double Ext 
spectral sequence Bjl[ Chapter 2, Theorem 4.15]. As we prove in Theorem 1 7. 5 ^ these concepts have 



direct analogues for directed algebras. 

7.2. Hypothesis. The following hypothesis will be in force for the rest of the section. 

(H4) X is Gorenstein, Speci?o is normal, and the canonical morphism X — )• Speci?o is birational. 

7.3. Lemma. Pick v £ A such that ^ 0. Then Rq = End/jg (i?,^). 

Proof. By (H2), R is a domain and so the field of rational functions Ik(X) equals i?[Cjij^]o, where 
Cr denotes the set of nonzero homogeneous elements of R. By (H4), Ik(X) = Q{Rq), the field of 
fractions of Rq. Therefore RyX~^ C k(X) for any ^ x £ Ri, and hence RuX~^y C Rq for some 
/ y G i^o- 

Set E = 'ElIidR^^{Ry) . By the last paragraph, we may identify E = {9 £ k.{X) : ORy C D Rq. 
For any oj > v, (H2) implies that R^ = R^Ruj-y and hence that ER^^ C R^. Therefore, if / = R>y 
then E C F = End/j(/). Since i? is a A-graded domain, so is F. Moreover, F is a finitely generated 
i?- module since F = Fx C R for any 7^ x S Ry. By the same observation, R and F have the 
same graded quotient ring -R[C^^] = and hence F[Cp^]Q = k{X) = Q{Ro). 

By restriction to degree zero, it follows that Fgand hence E are finitely generated as i2o-™odules. 
Moreover, 

Q{Ro) C Q{E) C Q(Fo) C F[C^% = Q{Ro). 
As Rq is integrally closed by (H4), this implies that Rq = E. □ 

7.4. The next result is fundamental to our approach, since it implies that £XT'{—, X) for directed 
algebras plays the role of Ext'(— for a unital algebra R and it is this that allows us to mimic 
the homological approach of Gabber |Le] . Recall the definition of acyclic objects in S'-qgr from 
Definition [331 

Theorem. Let i' > Xs- Then 

(1) §>y is an acyclic sheaf in T-Qgr, and 

(2) S;^"^ ^ §y as objects in S-Qgr. 

Proof. (1) Fix j > 0. By Corollarv 15. 8| gr^S^ = Ox{i^) is a vector bundle on X and so certainly 

£xt^x{gxp §>l, Ox) = 0. Thus, by Corollary [5l0]^2), gr^ £XTT.Qg,{^l, X) = 0, where F is the good 

filtration defined by Proposition 15.91 Therefore EXT^j'.q^X^)^.,?^) = by Lemma [5. Ill 

21 



(2) By Lemma [5212), 

for any (p > Xt = A5. Thus for 7 > i^, left multiplication by S-y^u induces a homomorphism 

(7.4.1) = S^^u — > HomT^_^(5^,o ®So,o ^<^,o, 5^,0 ®Sofi ^0,0) = {^l)^ ■ 

This produces a homomorphism : $y — > T:s{{?>t)'^) = §>)!,^ in S-Qgr. In order to prove that G is 
an isomorphism, it suffices to prove the same for (I7.4.ip . 

Set Z = Sufl ®Soo '^(p,o- Then Definition I2.8r 3) implies that (|7.4.ip is the multiplication map 

(7.4.2) S^,, HomT^_^(^, S^,, ^5.,. Z). 

As S^^u is a projective right Si^^i^-module, we can write 5^^jy©P = si"l^ and so, in order to prove that 
(|7.4.2|) is bijective it suffices to prove that the multiplication map si^^ — Houit^ ^{Z, Z) 
is bijective. Equivalently, it suffices to prove that the action map 6 : Sy^y — )• Homj-^^ ^ (Z, Z) is 
bijective. Since multiplication by S^^u preserves the tensor product filtration on Z = Sufl®So,o ^<^,0; 
the map 9 is filtered and hence induces an associated graded morphism 

(7-4.3) x-ScSu,u ^ gr HomT^^ (Z, Z) ^ Homgr^^ _^(gr(2'), gr(2')), 

where the final inclusion follows from the observations in Subsection [531 Here x is again the natural 
multiplication map. 

Finally, Hypothesis (H3) implies that gr(Z) = R^+cf, and so, by Lemma [7.3( x is an isomorphism 
for 7^0. It follows that 6 and hence (17.4. ip are also isomorphisms, as required. □ 



7.5. We are now ready to state and prove the second spectral sequence; in essence it shows that 
the Auslander-Gorenstein condition and related double Ext spectral sequence, that are so useful 
for unitary algebras, have a natural analogue for directed algebras. We remark that, as in |Bj2 



Section I.l], we prove the result for rings of finite injective dimension. However, it will often be 
more convenient to mimic the argument of |Bjl[ Chapter 2, Theorem 4.15] which unnecessarily 
assumes finite global dimension. 
For this result, define 

£P''^iM) = eXTr-Qg, {£^TlQ^,iM, X), X), for ah p,q>0. 

Theorem. Let A4 G S-qgr and set d = dimX. Then 

(1) For all V < j, and all suhobjects M C <f AfT^_Q^^(A^ , Af) one has SXT^.QgX-^ , X) = 0. 

(2) IfV e U-Qgr, forU = S or T, then £ XT (j _QgX'P ^ ^) = for j > dimX. 

(3) There is a spectral sequence 

where IF~'^{M) = M if p = q and IF~'^{M) = otherwise. 
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(4) There exists a filtration = n^i{M) C TZo{M) C TZi{M) C ••• C TZd{M) = M whose 
sections = TZ^{M) /TZi,^i{M) appear in exact sequences 

^ 7W„ ^ £'^-''^'^-'"{M) ^ ^ 0. 

The cokernel Wv is isomorphic to a subfactor of the direct sum of double Ext groups of the 
form £"-^''{M) for {a,b) = {d - v + j + 2, d - v + j + 1) and < j < v - 2. 

Proof. We need two preliminary observations. Let V G "S-qgr. First, by Corollary 16.61 ^^'i i^i t^is 
notation of Definition 16.41 

(7.5.1) chdim ( SXTs.Qgri'P, ^)) < d - j for all < j < d. 
Next, Lemma 16.21 and |Bal Proposition 2.9] implies that, for any p G Proj(i?), 

£xt\igiFV,Ox)p = £xt})^^{{gipV\,Ox,p) = if^;<d-chdim(P). 

This implies that £xt\{gYpV ,Ox) = for v < d — chdim('P). Thus, by Corollary 15.101 and 
Lemma 15. IH 

(7.5.2) SXTs-QgrCP, ^) = ifv<d- chdim(P). 

By symmetry, these two equations also hold for V G T-qgr. We now turn to the proof of the 
theorem. 

(1) Applying (I73TT) to V = M shows that a = chdimA/" < chdim £:^r5_Qgr(A^, X) < d - j. 
Thus ifSXTs-Qgri-^, X) ^0 then the analogue of ([7X21) for TV G T-qgr shows that v>d-a>j, 
as required. 

(2) Since injdimi? = d by (H4), this is immediate from Corollary 15.101 

(3,4) By Lemma 14.51 and the comments in Subsection 14.31 we may form a finitely generated 
projective resolution • • • — > — t- • • • — t- ~^ TW — ?• in S'-qgr. Now form the complex 

: O^r^ ^r]! ^ yV^ - , where = nOMs-Qgr{Vr, X). 

By construction, there exists some fixed ^ such that the Vr are direct sums of shifts of Sjy and 
so, by Theorem 17.4( 1). each Vr is an acyclic sheaf in T-Qgr. Moreover, by Lemma l5.7f 1). each 
G T-qgr. We claim that we can form a double complex 



Qio > Sii > ■■■ > Qid > ■■■ 

■^•^■^^ Qoo > Qoi > ■ ■ ■ > Qod > ■ ■ ■ 

1 1 1 

> Vi > ■■■ > Vd > ■■■ 

1 1 1 



in T-qgr satisfying the following conditions: 

23 



• Each Qij is a projective object in T-qgr and each column is exact; 

• the cohomology groups {Tivj} of the row complexes — Q^q — Q^i Q^d — 5- • • • 
are projective; 

• for each j, the complex • • • 'H2j — Tiij — ^ "Hoj — > SXTg.Qg^-^^ ^) is a projective resolution 
in T-qgr of £XTs.q^,{M, ^:). 

The proof of this assertion is almost immediate. As is proved in |Bjl[ pp. 58- 9], starting with any 
complex of finitely generated modules over a noetherian ring in place of P,, then such a double 
complex exists. So it exists in T^^^-mod for 7^0. But .^-mod ~ T-qgr by Proposition 12.91 
applied to T. So use this equivalence to translate the given complex P, in Ty^^-mod to a complex 
C, in T-qgr and apply the above construction. 

Now consider the double complex {Qj^ = 'HOM.x-QgriQjv, ^)} of modules in iS-Qgr. We remark 
that the rest of the proof closely follows that of Bjork ( |Bjl[ pp. 60-62] or |Bj2[ pp.62-64]). We will 



cite both books since, although the former assumes finite global dimension, the arguments given 
there are closer to the ones we need. 

Subemma. The hypercohomology groups in the double complex {Qj^,} vanish everywhere except 
on the d^^ diagonal, where the cohomology group is H'^ = 7W as objects in S-Qgr. 

Proof. Consider (j7.5.3|) . By Theorem 17.41 and construction, the and Quv are acyclic sheaves, 
while the columns of (|7.5.3p are exact. Thus the dual complex — > — ^ Qqj — )• Q\j — ^ • • • will 
be exact in 5-Qgr. Moreover, by Theorem I7.4f 2). Vj'^ = Vj. Up to a change of notation, the proof 
of |Bj2 Proposition 1.2] may now be used without further change to prove the sublemma. □ 



The remainder of proof of Bjl[ Chapter 2, Theorem 4.15], from the sublemma on page 60 



through to its conclusion on page 61, may now be used to prove the rest of parts (2) and (3) of the 
present theorem; the only changes being to substitute projective module by acyclic sheaf, (— )* by 
(— )^, and hence Ext(— , A) by £XT{—,X). The proof only uses the fact that A has finite injective 
dimension rather than finite global dimension, and the relevant analogue of that assertion is given 
by part (2) of this theorem. □ 

7.6. By combining Theorem 17.5( 3) with (j7.5.ip we obtain 

Corollary. For M G S-qgr and < v < d, define Aiy, Tly{A4) and Wy as in Theorem \ 7. 5| Then 

(1) chdim(Al^) < v. 

(2) chdim(>V„) <d-{d-v + 2) = v-2. 

(3) cMim{ny{M)) < v for all < v < d. □ 
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8. Equidimensionality. 



Fix lower A-directed algebras S and T with Tq^ = Sqq , and a finitely generated commuta- 
tive A-graded algebra R = ^x^/^Rx- We assume that these satisfy hypotheses (H1-H4) 
from gj] and E21 Write X = Proj(i?), and set dimX = d. 



8.1. We are now ready to prove the main result of the paper: the characteristic variety Char 

of a simple object Ai € S'-qgr is equidimensional. The proof also works for the following more 
general modules. 

An object A4 G S-qgr will be called s-homogeneous if each nonzero subobject N Ai satisfies 
chdim(A/') = s, in the sense of Definition 16.41 It is not clear how to characterise s-homogeneous 
objects, but at least if Ai is simple then Ai is s-homogeneous for some s. Here is another example, 
the proof of which is left to the reader: if P is a prime ideal of S\^x for a good parameter A, then 
the image ^{Sx^\/P) € S-qgr is s-homogeneous for some s. 

8.2. Definition. If 7W G 5'-qgr, define the grade j{A4) of A4 to be 

j{M) = mm{j : SXT^q^XM, A') / 0}. 
Recah the notation £P'1{M) = SXT^-Qgr {£^TI_q^,{M, X), X) from ESI 

Proposition. Let At G S-qgr. 

(1) j{M) +cMim{M) = d. 

(2) Let p G N. Then is either zero or (d — p) -homogeneous. 

(3) //chdim(A^) < d - v for some v eN, then chdim(<£'-^'''(A^)) < d - j - 2 for all j > v. 

Proof. (1) By ()7.5.2p we know that j{Ai) > d — chdim(A^), so we only need to prove the opposite 
inequality. Suppose that v > d- j{M). Then d - v < j{M) and £XTI~_q^,{-^^ = 0- There- 
fore, = £'^~''^'^-''{M) = Mv This implies that M = 'Rd^j(M){M) and so Corollary ES gives 
chdim(7W) <d- i{M). 

(2) This is a formal consequence of the spectral sequence Theorem I7.5r 2). Modulo replacing 
Ext*(-, A) by 8XT\-,X), the proof of [Bj2l Proposition 1.18 and Corollary 1.20], or indeed of 



|Bjl[ Chapter 2, Theorem 7.10], can be used mutatis mutandis. 

(3) This result, which will not be needed in this paper, is again proved by investigating the 
spectral sequence from Theorem 17.5( 2). Modulo replacing Ext*(— , A) by £XT (— the proof 
of |Bjl Chapter 2, Lemma 7.11] can be used verbatim. □ 



8.3. At last, we reach our destination. The proof of this result follows that of jLel Theoreme 3.3.2]. 

Theorem. Suppose that Ai G S-qgr is s-homogeneous for some s G N. Then each irreducible 
component o/Char7W has dimension s. 
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Proof. Keep the notation from Theorem 17.51 and let p G Z. If £P'P(A4) = 0, then Md-p = by 
Theorem [731^3). Conversely, if Md~p = then £P'P{M) = Wa^p and so, by CoroUary [7SI2), 

chdim{£P'P{M)) = cMim{Wd-p) <d-p-2. 

By Proposition [82^2), this implies that £P'P{M) = 0. 

Suppose that there exists an irreducible component V(p) of Char with dimV(p) < s. Let 
t = codim(V(p)) and consider £ = £XTl_Qg,{M, X) G T-qgr. By Corollary [6^ V(p) is an 
irreducible component of ChariS. Applying Corollary 16.61 again, but with A4 replaced by £, 
shows that V(p) is also an irreducible component of £ XT x-Qgri^ ■, X) = <S*'*(A^). In particular, 
£^'^[A4.) ^ 0. By the first paragraph of this proof, it follows that Md-t 7^ and hence that 
TZd^t[M) / 0. By Corollary 17.61 c]i(i\mTZd^t{M) < d-t < s. This contradicts the fact that M is 
s-homogeneous. Hence each component of Char has dimension at least s. 

Conversely since chdim(A^) = s each component of CharA^ has dimension at most s. This 
completes the theorem. □ 

9. Applications to quantizations of symplectic singularities 

9.1. We end by showing that many important examples of Z-algebras arising from geometric 
representation theory satisfy Hypotheses (H1-H4). As an application, we answer a question from 
[GS2j on rational Cherednik algebras. 

9.2. We start by recalling results presented in [BPWj . Let Y be an affine irreducible symplectic 
singularity with a C*-action and vr : X — t- Y a C*-equiyariant symplectic resolution of singularities. 
We assume first that C* acts on C[Y] with non-negative weights and such that C[y]'^ = C, and 
second that there exists < m G N such that the C*-action scales the given symplectic form u 
hy t ■ uj = f^oj for all t G C*. This is called a conical symplectic resolution. As we saw in the 
introduction, there are many interesting examples of these varieties. 

9.3. Given A G H'^{X,C) there is a unique sheaf of C*-equivariant complete C[[/i]]-algebras 
on X with the following properties: 

(1) Q^x/hQ^x = Ox; 

(2) the Poisson bracket on X induced by uj equals the Poisson bracket defined by {/i,/2} = 
/i~M/i>/2] (mod h), where /i,/2 are lifts to of /i,/2 S Ox; 

(3) t-h = t^^'h. 

Let = Q^ih^^^""], a sheaf of C((/ii/'^))-algebras on X. Write P^-mod for the fuh subcat- 
egory of C*-equivariant P^-modules whose objects Ai admit a C*-equivariant Q^-lattice A^(0) 
such that M{0)/hM{0) is a coherent Ox-module, |BPWl § 4]. Setting Ux = {V^{X))'^* , there is a 
functor r''* : "D^ -mod — > Ux -mod which takes A4 to the C*-invariant global sections T{X, . 
This has a left adjoint Loc : [/a -mod — > D^-mod which sends N to N. The pair {X, A) 

is called localizing if (F*^* , Loc) are mutually inverse equivalences. 
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9.4. There is an N-algebra attached to {X, A) and the choice of a very ample hne bundle C on 
X. To construct it, let r] G H'^{X,C) be the first Chern class of C. Then, for any pair of integers 
k, m, |BPW1 Proposition 5.2] shows that there is a unique sheaf of C*-equivariant (Q^+^^ 2^+"*'')- 
bimodules kr)BmriW which quantizes the line bundle /Z^""*. Set 

kriSmriW = T'^* {kriSrnriW[h~^^"^]) G {Ux+kri,Ux+mri)-himod. 

Then the desired N-algebra is 

^i'^iV) = fc7;'S'm.r;(A), 
fe>m>0 

with multiplication induced from tensor products (see |BPW|. Definition 5.5]). 

9.5. For each p G N, the following new N-algebras can be constructed from S: 

5(P)(A,r/)= ^ pkr,Spmn{X) and S>r{X,7]) = S{X,r])>r = ^ kv^mriW- 

k>m>0 k>m>r 

The former of these algebras is called the p^^ Veronese ring of S{X,r]). 

Proposition. f [BPWl Propositions 5.10 and 5.14]) Let A G H'^{X,C) and let t] G H'^{X,C) be the 
first Chern class of a relatively very ample line bundle on X . 

(1) There exists such that S>riX,r]) is Morita for all r > q. 

(2) {X, A) is a good parameter if and only if S^^^X, if) is Morita for p ^ 0. 

9.6. The algebras constructed by Proposition 19.51 satisfy the Hypotheses (H1-H4) from Subsec- 
tions [12] and [721 

Proposition. Let X G H'^{X,C) and let r] G H'^{X,C) be the first Chern class of a relatively very 
ample line bundle on X. Assume that (X, A) is localizing. Then Hypotheses (H1-H4) hold for a 
pair of directed algebras {S^P\X,ri),T), where the integer p and algebra T are constructed within 
the proof. 

Proof. By Proposition 19.51 we can find p^ such that S^P\X,r]) is Morita. Now consider (Qx)"^, 
another C*-equivariant quantization of Ox- By jBPWl Proposition 3.2] it is isomorphic to Q^'^. 
Therefore, U^^ = U^x, and so repeating the above construction, with the same line bundle £, we 
produce another Z-algebra S{—X,r]). It may be that {X, —A) is not localizing. By Proposition 19.51 
however, we do know that for q ^ the N-algebra 

S>qi-X,r]) = ^ krjSmrji-X) 
k>m>q 

is Morita. 

So we will consider the following algebras, where r is the least common multiple of p and q. 

S= rarjSrbriiX, rj) , T= rar]Srbri{~ X, Tj) . 

a>b>0 a>b>0 

(HI) By construction, 5 is Morita and so all values are good for it, while T>i is Morita. 
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(H2) As observed in [BPWi Section 5.2], gr 5 = gr T = A(i?) where Ra = Now it 

may be that RmRn 7^ Rm+n- But X is smooth, hence normal, and so this property will hold if we 
replace R by some further Veronese subring. Also, since X is reduced and irreducible, certainly R 
is a domain. So, after passing to the appropriate Veronese ring, (H2) holds. 

(H3) We must prove that gr(5mo ®Soo T'no) — Rm+n for all m, n. By Lemma 17.31 each Rm is 
a torsion-free rank one i?o-module. Since gi rm-qSQ{\) = g'c rm-qSQ{— X) = Rm, it follows that both 
rm-qSoi^) and rnriSo{—^) are torsion- free of rank one on both sides. Since S is Morita, certainly 
(A) is a projective o5'o(A)-module, so the tensor product (-A) 
is therefore torsion-free of rank one. 

As observed earlier, Q^^^ ^ (Qx)°^- Thus the (Q^^^^™'', Q3^^)-bimodule rnr,Bo{-X) may be con- 
sidered as a (Q^i Qx~^"'')"^™°'^^^^ quantizing and as such must be isomorphic to QB-m-qW 
by the uniqueness of quantization property mentioned in 19. 4[ Hence, by [BPWt Proposition 5.2], 
multiplication produces an isomorphism of {Q^^"'^ , Q^~'^'"'')-bimodules 

Taking invariant global sections then produces a non-zero multiplication map 

By torsion-freeness, fi must be injective. But /i is also filtered surjective because 

■ gr^nO = Rm ' Rn = Rm+n = g^ rm-qS -rnrji^) ■ 

Thus gr(5mo ®5oo ^^o) = Rm+n, as required. 

(H4) Symplectic singularities are automatically normal and so (H4) follows from the fact that 
X — > y is a resolution of singularities. □ 

9.7. Given a C/A-™odule N, set M = Loc(A^). We define Charioc(-/V) to be the support on X 
of the coherent sheaf AT := AA(0)//i^/'"AA(0) where 7^(0) is a lattice for J\f. This is well-defined, 
independent of the choice of lattice. 

We claim that Charioc(-/V) = Char(^'(A^)), where Char(^'(A^)) is defined using the Z-algebra 
in Proposition 19.61 as in Definition 16.41 Indeed the discussion preceding Theorem 5.6 in [BPWj 
together with the first two paragraphs of the proof of |BPWl Proposition 5.9] show that there is 
an isomorphism 

0r^*U^i3o(A)[/i-i/'"] AA) ^ 0,,^5o(A) ^u, N = M/(iV) 

a>0 a>0 

and furthermore that a lattice M{0) for M induces a good filtration on ^'(A^) such that 

gr(*(Ar)) = 0r(A:,Arc5£®™) 

a>0 

This shows two things: first that, by its goodness, this filtration on ^'(A^) may be used to calculate 
Char(^'(A^)); second that this equals the support of A/". In other words Charioc(A^). 

It follows that Char(A^) is independent of the choice of t] and of Veronese algebra in Proposi- 
tion [9]6l So combining this with Theorem 18.31 gives: 
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Corollary. Let A G H'^{X,C) and suppose that {X,X) is localizing. If M is either a simple U\- 
module or a prime factor ofU\, then the characteristic variety Char(M) is equidimensional. 

9.8. Rational Cherednik algebras. We apply the above analysis to the symplectic resolution 



where vr is the Hilbert-Chow morphism. We take the C*-action which is induced from dilation on 
For A G F2(Hilb'^C2,C) = C there is an explicit reahzation of the algebra Ux = {V\{X))^' as 
the spherical rational Cherednik algebra of type A, defined as follows. 

Let W = Snhe the symmetric group and write e = -^^^ '^w&w ^ ^ trivial idempo- 

tent. Let f) = C" denote the permutation representation of W and 



the subset of f) on which W acts freely. 

Define Hx to be the subalgebra of Vi\f^^) x W generated by W , the vector space ^* = Y1, ^i'^ 
C[t]] of linear functions, and the Dunkl operators 



where {yi, . . . , ?/„} C is the dual basis to {xi, . . . , Xn} and the Sjk G W are simple transpositions. 
The spherical subalgebra is defined to be eHxe: thanks to |GGSt Theorem 2.8] it is isomorphic to 
Ux- One can also define Hx in terms of the reflection representation of Sn instead of C" However, 
as noted in jGSlj . the two theories are exactly parallel and the same results hold in the two cases. 

Set C = {z + i : z = ^ where m, d G Z with 2 < d < n, and z ^ Z}. By [GSTl Theorem 1.6] 
and Proposition 19.51 (X, A) is localizing provided A ^ C n (-1/2,1/2). (We remark that [GSlj 
has the additional restriction that A Z, but this is removed using [BE^ Theorem 4.3] and [GSlj 
Remark 3.14(1)].) 

9.9. Combining this discussion with Corollary 19.71 gives the following result. 

Corollary. Assume that X ^ CD (—1/2, 1/2). Let M be a simple Ux-module or a prime factor ring 
of Ux- Then the characteristic variety Char A/ C Hilb"C^ is equidimensional. □ 

This answers |GS2t Question 4.9] and |Rql[ Problem 8]; by |GGSl Theorem 7.6], the definition 
of a characteristic variety given there agrees with the definition given here. 

9.10. We end with an amusing consequence of the above corollary for which we need to assume 
that A Z. As in [GS2| (2.7.1)], write ch(M) for the characteristic cycle of a module M G Ox{Sn), 
the category O for the rational Cherednik algebra. By |GS2l Theorem 6.7], the cycles are fully 
supported on the subvarieties C Hilb"C^ defined in |GS21 Section 6.4] where is a partition of 
n. Write ch^(M) for the multiplicity of ch(M) along Z^. 

-'^In much of the hterature the rational Cherednik algebra with parameter A is what we call H^^i. 



Tr:X = Hilb'^C^ 



Y = Sym"C2, 



f^reg ^ _ _ _ ^ g . ^. _^ fQj, alll<i <j <n} 



(9.8.1) 




29 



As in |GS21 6.10 and 6.11], there is an isomorphism x ■ KQ{Ox{Sn)) — > A„ where A.„ is the 
degree n part of the ring of symmetric functions. It is defined by 

X(M) = J];ch^(M)m/, 

where is the monomial symmetric function associated to fi. Under this isomorphism it was 
shown in [loc.cit] that x(^a(a*)) = s^, the Schur function associated to The same is true for the 
co-standard modules VA(/i) since they have the same image in KQ{Ox{Sn)) as Ax{fi). 

Since A ^ Z we may apply |Rq2[ Theorem 6.13] which shows that 5g(n,n)-mod and 0\{Sn) are 
equivalent. Here Sq{n,n) is the g-Schur algebra at q = — exp{2^T^/—l\), which is the equivalent to 
the category of representations of the quantum group Gq{n) of degree n. By taking characters we 
have a mapping 

Xq : 5g(n,n)-mod — > A„. 
The category 5g(n,n) -mod has Weyl modules, written Vq^fi): the Weyl character formula shows 
that x<?(Vq(//)) = Sf,. 

Putting these observations together gives an equivalence 

Q : Sq{n,n) -mod — > OxiSn) 

which sends Weyl modules to co-standard modules, so intertwines Xg with x- Now, in Xq(y): the 
coefficient is by definition the multiplicity of the weight space V^. We therefore deduce: 

Proposition. Assume A ^ Cn(— 1/2, 1/2) and that A ^ Z. Then, in the above notation, ch^(M) = 
dim0~^(M)^ for any partition fi of n. 

Index of Notation 



Acyclic sheaf 


(EH) 


Locally left noetherian 


(1^ 


Char(M) 


(EH), (1131) 




(E2D 


chdim(Af) 




Morita directed algebras 


(1^ 


Directed algebras. 


m 


S'-Grmod, S'-grmod; categories of modules 


(1231) 


Duals M^, M"" oiMe S-Qgr 


(ESI) 


S'-Qgr, 5-qgr; quotient categories 


(1231) 


A(i?); a directed algebra 


(113) 


s-homogeneous modules 


(EH) 


Ext groups EXT for 5-Qgr 


(E21), (ESD 


S,,a; distinguished objects in S'-Qgr 


(1^ 


nitrations and good filtrations 


& 




(IX5D 


Filtered projective resolutions 


dUD 


Shift 5>A 


(1^ 


Good parameter 


(E3) 


Support of a module 


(lOD 


Hypotheses (H1-H3) 


(113) 


Tensor product filtration 




Hypothesis (H4) 


(ESI) 


X ^ dualising sheaves 


(EH) 


j{M); the grade of M 


(E3) 
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